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Plan (tentative) 2/44

1. Lecture I
• Motivations: MC, sampling, enumeration
• Examples: Ising, (monomer)-dimer, graph coloring, matchings,. . .
• Speed of convergence: Tmix, spectral gap

2. Lecture II
• Some classical tools: (path) coupling, canonical paths, bottleneck ratio,. . .
• Examples: fast mixing for monomers-dimers with large monomer density

3. Lecture III
• Monotone MC.
• A case study: Glauber dynamics of lozenge tilings.
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Goals:
• sample (exactly or approximately) from a complicated probability measure 𝜋(𝜎)∝

w(𝜎),𝜎∈Ω, |Ω|≫1
Ex 1 : Ω={proper colorings of graphG},w≡1

Ex 2:Ω={matchings ofG},w= e𝜆|{edgesof𝜎}|

Ex 3: Ising. G=(V,E),Ω={−1,+1}V,w(𝜎)= e𝛽∑(x,y)∈E𝜎x𝜎y

• Enumerate (exactly or approximately). More generally, compute/estimate
∑𝜎∈Ωw(𝜎)
Ex 1:∑𝜎 w(𝜎)=#{proper colorings ofG}
Ex 3:∑𝜎 w(𝜎)=Z𝛽,G

Other classical example: card shuffling. Ω=Sn (symmetric group)
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Common features: many “degrees of freedom”, Ω large.

Hard to sample directly. Better option: MC simulation

(e.g. graph matchings: simple-minded “rejection sampling” vs MCMC)

Basic idea:

• define ergodic MC X=(Xn)n⩾0 on Ω with stationary distribution 𝜋

• wait “long enough”: ℙ(Xn=𝜎)→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
n→∞

𝜋(𝜎)

• how long is “long enough”?

• math goal: results of the type “if n> f (|Ω|, 𝜀) then ‖ℙ(Xn=⋅)−𝜋(⋅)‖<𝜀. Useful for
simulations if f does not grow too fast with |Ω|, 𝜀−1.

NB: efficient algorithm vs. “physically relevant” algorithm
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Meta-theorem: fast approximate sampling algorithm implies fast approximate counting
algorithm.

Example:M(G)={matchings ofG=(V,E)},𝜋=uniform

(For those interested: see [M. Jerrum's book: “Counting, sampling and integrating:
Algorithms and complexity”])

• assume: MC samples from 𝜋 with error 𝜀 in time T(|V|, |E|, 𝜀) (for every G)
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Meta-theorem: fast approximate sampling algorithm implies fast approximate counting
algorithm.

Example:M(G)={matchings ofG=(V,E)},𝜋=uniform

(For those interested: see [M. Jerrum's book: “Counting, sampling and integrating:
Algorithms and complexity”])

• assume: MC samples from 𝜋 with error 𝜀 in time T(|V|, |E|, 𝜀) (for every G)

• then: we can approximate |M(G)| in time T (|V|, |E|, 𝜀)≲ |E|2×𝜀−2×T(|V|, |E|, 𝜀/(6|E|))

• Note: if T(|V|, |E|, 𝜀) is polynomial in |V|, |E|, 𝜀−1 then T (|V|, |E|, 𝜀) is, too.
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• P: transition matrix. P=(P(𝜎,𝜂))𝜎,𝜂∈Ω

ℙ(Xn=𝜂|Xn−1=𝜎)=P(𝜎,𝜂)

• if 𝜎∈Ω,ℙ𝜎: law of process X started from X0=𝜎. If 𝜈 is distribution on Ω, then ℙ𝜈:
law of process started from X0∼𝜈. P𝜈t: law of Xt started from X0∼𝜈.

• assume irreducibility (ergodicity) + aperiodicity. 𝜋 unique stationary distribution

𝜋P=𝜋, that is,ℙ𝜋(Xn=𝜎)=𝜋(𝜎)

General theory: ℙ𝜈(Xn=𝜎)=(𝜈Pn)(𝜎)→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ →
n→∞

𝜋(𝜎) exp. fast (not quantitative)

• We will deal with reversible MC, i.e., 𝜋(𝜎)P(𝜎,𝜂)=𝜋(𝜂)P(𝜂,𝜎)

Implies stationarity and time-reversal symmetry
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G=(V,E) finite graph. Ω={−1,+1}V. 𝜎=(𝜎x)x∈V∈Ω, 𝛽>0.

Boltzmann distribution: 𝜋(𝜎)= e
𝛽∑(x,y)∈E𝜎x𝜎y

Z𝛽,G

Define MC (𝜎(n))n⩾0 on Ω as follows:

• start from 𝜎(0)∈Ω

• at step n, choose x∈V uniformly at random

• define 𝜎(n) as 𝜎(n)y=𝜎(n−1)y if y≠x and sample 𝜎(n)x from

𝜋(⋅|𝜎V∖{x}=𝜎(n−1)V∖{x}). Explicitly, 𝜎(n)x is chosen to be 𝜀=±1 with probability

e𝛽𝜀∑y:(x,y)∈E𝜎(n−1)y

∑𝜀=±1 e
𝛽𝜀∑y:(x,y)∈E𝜎(n−1)y

= e𝛽𝜀∑y:(x,y)∈E𝜎(n−1)y

2cosh�𝛽∑y:(x,y)∈E 𝜎(n−1)y�
(1)
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Exercise 1. Write down the transition matrix P

Exercise 2. Prove that the MC is reversible: 𝜋(𝜎)P(𝜎,𝜂)=𝜋(𝜂)P(𝜂,𝜎)

Exercise 3. Prove that the MC is aperiodic irreducible: for every 𝜎,𝜎 ′∈W there exists a path 𝜎(n),0⩽n⩽
M with 𝜎(0)=𝜎,𝜎(M)=𝜎 ′ and P(𝜎n, 𝜎n+1)>0.

Remark. The transition rate

e𝛽𝜀∑y:(x,y)∈E𝜎(n−1)y

2cosh�𝛽∑y:(x,y)∈E 𝜎(n−1)y�
(2)

is a local function of 𝜎(n−1) around x. Does not require to compute Z𝛽,G!
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G=(V,E) finite graph. 𝜆>0 “fugacity parameter”. Ω=M(G)={matchings ofG}.

NB: not just perfect matchings.

EachM∈Ω is a subset of E. e∈M: “dimer at e”. x∈V unmached inM: “monomer at x”.

Call m(M) the number of monomers of M. Boltzmann distribution:

𝜋(M)= 𝜆m(M)

∑M′∈Ω 𝜆
m(M′) =

𝜆m(M)
Z𝜆,G

. (3)

Note: for 𝜆→0, 𝜋 supported by maximal matchings.
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Define MC (M(n))n⩾0 on Ω as follows:

• start from M(0)∈Ω

• at step n, choose e=(x,y)∈E uniformly at random

• call M̃(n−1)=M(n−1)∖{(x,y)}. (NB: it may or may not coincide with M(n−1))

• if either x or y belong to an edge of M̃(n−1), do nothing

• otherwise, let M(n)=M̃(n−1)∪{(x,y)} with probability 1
1+𝜆2

and M(n)=M̃(n−1)with probability 𝜆2

1+𝜆2

Exercise 4. Check irreducibility, aperiodicity and reversibility.

Remark. If 𝜆=0, irreducibility can fail. There are better algorithms
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G=(V,E) finite, planar graph. Ω={perfectmatchings ofG}. Given e∈E, letwe>0: edge
weight. Assume that G admits perfect matchings.

E.g.: G={1, . . . ,N}×{1, . . . , 2L} with nearest-neighbor edges.

If M∈Ω, e∈M we say that “e is occupied by a dimer in M”

Boltzmann distribution 𝜋(M)= ∏e∈Mwe

∑M′∈Ω∏e∈M′we′

Given face f of G and M∈Ω, write ∂ f for the collection of edges around f .

Say that “a rotation at f is possible in M” if every second edge of ∂ f belongs to M. In
this case, callM f∈Ω the configuration where occupied/empty edges of ∂ f switch roles,
and nothing else changes.

NB: rotation possible only at faces f with |∂ f | even.
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Introduce MC (M(n))n⩾0 as follows:

• start from M(0)∈Ω

• at each step, choose an (inner) face f uniformly at random

• if a rotation at f is possible in M(n−1), then let M(n)=M(n−1) f with probability

p=
∏e∈∂ f :e∈M(n−1)we

∏e∈∂ f :e∈M(n−1)we+∏e∈∂ f :e∈M(n−1)we
(4)

and M(n)=M(n−1)with probability 1−p.

• if the rotation at f is not possible in M(n−1), do nothing.

Exercise 5. (Non trivial). If G is bipartite, then the MC is irreducible.
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General theory: irreducible, aperiodic MC on finite state space:

|ℙ𝜈(Xn=𝜎)−𝜋(𝜎)|⩽Ce−cn. (5)

C, c−1 depend on Ω, can diverge as |Ω|→∞.

PB: quantify speed of convergence. Several classical ways, among which:

1. Total variation distance mixing time (Tmix)

2. Mixing time w.r.t other distances (Lp, Hellinger distance, separation distance.. .)

3. spectral gap/relaxation time Trel
4. log-Sobolev constant, relative entropy

In these lectures, we focus on 1 and 3. “Coupling arguments” adapt well to Tmix, spec-
tral/variational arguments to Trel.
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(classical book: Levin and Peres, Markov chains and Mixing times)

Definition (Total variation distance) Let 𝜇,𝜈 be probability measures on finite setΩ. Then,

‖𝜈−𝜇‖= 12�
x∈Ω

|𝜇(x)−𝜈(x)|=max
A⊂Ω

|𝜇(A)−𝜈(A)|=inf {ℙ(X≠Y):X∼𝜇,Y∼𝜈}. (6)

Exercise 6. It is indeed a distance. Try to prove the equalities.

Definition (Mixing time) Let 𝜀∈(0,1), X be Markov Chain onΩ. Then,

Tmix(𝜀)=inf�n⩾0:max
x∈Ω

‖Px
n−𝜋‖<𝜀�. (7)

NB: worst-case initial condition (maxx∈Ω).



Spectral gap/Relaxation time 15/44

Let X be a reversible MC on Ω.

Define // f , g//𝜋≔∑x∈Ω f (x)g(x)𝜋(x) for f , g:Ω↦ℝ.

Reversibility implies // f ,Pg//𝜋= //Pf , g//𝜋:P is self-adjoint

Easy/classical facts:

• Spectrum (𝜆i)i⩽|Ω| is real. 𝜆1⩾𝜆2⩾ ⋅ ⋅ ⋅

• |𝜆i|⩽1

• Up to redefining P→ (I+P)
2 , we can assume that 0⩽𝜆i⩽1

• Irreducibility ⇒𝜆1=1 is simple.

Note: P 1=1, 𝜋P=P
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Definition (Spectral gap) Let X be reversible. We define the spectral gap equivalently as

1. 𝛾=1−𝜆2>0. Relaxation time Trel≔
1
𝛾 .

2. (Variational principle)

𝛾= inf
f :Ω↦ℝ,Var𝜋( f)≠0

E( f )
Var𝜋( f )

(8)

where E( f )= //(I−P) f , f //𝜋= 1
2∑x,y∈Ω 𝜋(x)P(x,y)| f (x)− f (y)|2 (Dirichlet form)

3. (L2 relaxation) 𝛾 is the best (i.e. largest) constant such that for all n∈ℕ, f :Ω↦ℝ

Var𝜋(Pnf )⩽Var𝜋( f )(1−𝛾)2n (9)
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• Tmix(𝜀) decreases with 𝜀 (obvious) and

Tmix(𝜀)⩽⌈log2(𝜀−1)⌉Tmix�
1
4� (10)

that is, at time mTmix�
1
4� the variation distance from equilibrium is at most 2−m.

• General Tmix/Trel comparison:

(Trel−1)log�
1
2𝜀�⩽Tmix(𝜀)⩽Trellog((((((( 1

𝜀minx∈Ω𝜋(x)))))))).
• Meta-statement: upper bounds on Tmix,Trel are harder to get than lower bounds.

In fact, Tmix(𝜀)≳𝜀Trel⩾
Var𝜋( f)
E( f) for any test function f :Ω↦ℝ.
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Advantage of total variation distance in the definition of Tmix: variational characteriza-
tion of ‖𝜇−𝜈‖ in terms of optimal coupling.

Coupling methods powerful in estimating Tmix.

Warm-up result:

Proposition For every x,y∈Ω, let (Xn,Yn)n⩾0 be a coupling of the processes started at (x,y).
Call 𝜏couple=min{n:Xn=Yn} and ℙx,y the distribution of (Xn,Yn)n⩾0.

If maxx,y∈Ωℙx,y(𝜏couple>n)<𝜀, then Tmix(𝜀)⩽n.

Example: lazy RW on {1, . . . ,n},Tmix≲n2.
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Proof. Assume wlog that Xn=Yn for n⩾𝜏couple. Then,

‖Px
n−Py

n‖=inf {ℙ(X≠Y):X∼Px
n,Y∼Py

n}⩽ℙ(Xn≠Yn)=ℙx,y(𝜏couple>n). (11)

We deducemaxx,y∈Ω ‖Px
n−Py

n‖<𝜀.
Now note that

‖Px
n−𝜋‖ = max

A⊂Ω
|Px

n(A)−𝜋(A)|=max
A⊂Ω |||||||||||||||�y∈Ω 𝜋(y)[Px

n(A)−Py
n(A)]|||||||||||||||

⩽ �
y∈Ω

𝜋(y)max
A⊂Ω

|Px
n(A)−Py

n(A)|=�
y∈Ω

𝜋(y)‖Px
n−Py

n‖<𝜀.

□

Drawback: in general, difficult to control 𝜏couple. Better idea: “path coupling”.
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Let G=(V ,E) be connected a graph with V=Ω. Assign E∋ e↦ ℓe⩾1 “length”.

𝜌: induced graph distance on G. 𝜌K: Kantorovich transportation distance between dis-
tributions on Ω:

𝜌K(𝜇,𝜈)=inf {𝔼(𝜌(X,Y)):X∼𝜇,Y∼𝜈)}.

Since 𝜌(x,y)⩾1x≠y, it follows ‖𝜇−𝜈‖⩽𝜌K(𝜇,𝜈).
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Theorem (Bubley-Dyer '97) Assume that there exists 𝛼<1 and, for every x∼Gy, a coupling
(X,Y) of P(x, ⋅),P(y, ⋅) such that 𝔼(𝜌(X,Y))⩽𝜌(x,y)e−𝛼. Then, 𝜌K(𝜇P, 𝜈P)⩽ e−𝛼𝜌K(𝜇,𝜈).

Immediate consequence:

‖P𝜈n−P𝜇n‖⩽𝜌K(𝜈Pn, 𝜇Pn) = 𝜌K(𝜈Pn−1P, 𝜇Pn−1P)
⩽ e−𝛼𝜌K(𝜈Pn−1, 𝜇Pn−1)

(iterate) ⩽ e−𝛼n𝜌K(𝜇,𝜈)⩽ e−𝛼ndiam𝜌(Ω)

Corollary The mixing time is Tmix(𝜀)⩽
log�diam𝜌(Ω)𝜀 �

𝛼 (one can also deduce 𝛾⩾1− e−𝛼).

Advantage: needs to check contraction only after 1 step, and for x∼G y.

Drawback: if condition fails even for one pair x∼G y, theorem does not apply.
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Recall:G=(V,E) finite graph. 𝜆>0 “fugacity parameter”. Ω=M(G)={matchingsofG}.

Boltzmann distribution: 𝜋(M)∝𝜆m(M).

• at step n, choose e=(x,y)∈E uniformly at random

• call M̃(n−1)=M(n−1)∖{(x,y)}.

• if either x or y belong to an edge of M̃(n−1), do nothing

• otherwise, let M(n)=M̃(n−1)∪{(x,y)}with probability 1
1+𝜆2 , M(n)=M̃(n−1) else

Define G=(Ω,E) with (M,M′)∈E iff M=M′∪{e}. Set ℓ(M,M′)=1, i.e., 𝜌 is usual graph
distance, i.e., 𝜌(M,M′)=∑e |1e∈M−1e∈M′|. Let ΔG be the maximal degree of G.

Proposition Fix Δ>0. There exists 𝜆0(Δ)<∞ such that path coupling works with 𝛼=1/
(2|E|), for all 𝜆>𝜆0 and graphs with ΔG⩽Δ.



Path coupling method for the monomer-dimer model 23/44

Proof

• let M,M′∈Ω, e=(x,y)∈E, e∈M′,M=M′∪{e}.Note 𝜌(M,M′)=1.
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|E|
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Proof

• let M,M′∈Ω, e=(x,y)∈E, e∈M′,M=M′∪{e}.Note 𝜌(M,M′)=1.
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• Pick e′∈E uniformly at random. If x∈ e′, y∈ e′, do same move for both processes.
Distance unchanged

• If e= e′,do same move for both. Distance decreases by 1

• If e′=(x,u),u≠y (there are at most ΔG such cases) then e′∉M, e′∉M.

For process started atM, no move possible. For the other, put edge with probability
1/(1+𝜆2). Distance increases by 1 with probability 1/(1+𝜆2).
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Proof
• let M,M′∈Ω, e=(x,y)∈E, e∈M′,M=M′∪{e}.Note 𝜌(M,M′)=1.
• Goal: couple X∼P(M, ⋅),Y∼P(M′, ⋅) so that 𝔼(𝜌(X,Y))⩽ e−𝛼<1 with 𝛼∼ 1

|E|

• Note: in M′, monomers at x and y.
• Pick e′∈E uniformly at random. If x∈ e′, y∈ e′, do same move for both processes.

Distance unchanged
• If e= e′,do same move for both. Distance decreases by 1
• If e′=(x,u),u≠y (there are at most ΔG such cases) then e′∉M, e′∉M.

For process started atM, no move possible. For the other, put edge with probability
1/(1+𝜆2). Distance increases by 1 with probability 1/(1+𝜆2).

• Altogether, new average distance is ⩽1+ 1
|E|�−1+2

ΔG

1+𝜆2�⩽ e−1/(2|E|) if 𝜆≫ ΔG� .
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Other examples of application of path coupling:

• Ising dynamics for 𝛽⩽𝛽0(ΔG) (keyword: Dobrushin's uniqueness condition)
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• perfect colorings for q>2ΔG

• hardcore model with small fugacity 𝜆. 𝜋(x)∝𝜆∑v∈Vxv, x∈{0,1}V, xvxw=0 if v∼w
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Other examples of application of path coupling:

• Ising dynamics for 𝛽⩽𝛽0(ΔG) (keyword: Dobrushin's uniqueness condition)

• perfect colorings for q>2ΔG
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Other examples of application of path coupling:
• Ising dynamics for 𝛽⩽𝛽0(ΔG) (keyword: Dobrushin's uniqueness condition)
• perfect colorings for q>2ΔG

• hardcore model with small fugacity 𝜆. 𝜋(x)∝𝜆∑v∈Vxv, x∈{0,1}V, xvxw=0 if v∼w
• biased RW on {1, . . . ,N}. Let p∈(1/2,1) and

P(x,y)=

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{{
{
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{{{
{
{ 1/2 if x=y∉{1,N}
p/2 if y=x+1,1⩽x<N
(1−p)/2 if y=x−1,1<x⩽N
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1−(1−p)/2 if x=y=N

• In latter example, “exponentially tilted metric”
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For every x,y∈Ω fix a “canonical path” Γx→y of allowed transitions e from x to y.

Given f :Ω↦ℝ write

2Var𝜋( f )=�
x,y
𝜋(x)𝜋(y)(( f (x)− f (y))2) = �

x,y
𝜋(x)𝜋(y)(((((((((((((((((((((((((((((((((((( �e∈Γx→y

∇ef)))))))))))))))))
2

)))))))))))))))))))

= �
x,y
𝜋(x)𝜋(y)|Γx→y|2((((((((((((((((((

((
(
(
(((((((((((((((((((

1
|Γx→y|

�
e∈Γx→y

∇ef)))))))))))))))))))
2

))))))))))))))))))
))
)
)

⩽ �
x,y
𝜋(x)𝜋(y)|Γx→y| �

e∈Γx→y

|∇ef |2.

= �
x,y
𝜋(x)𝜋(y)|Γx→y| �

(a,b)∈Γx→y

| f (a)− f (b)|2



Geometric methods for Trel bounds: “Canonical paths” 26/44

Summarizing: Var𝜋( f )⩽
1
2∑x,y 𝜋(x)𝜋(y)|Γx→y|∑(a,b)∈Γx→y

𝜋(a)P(a,b)
𝜋(a)P(a,b) | f (a)− f (b)|2.

Now recall

E( f )= 12 �
x,y∈Ω

𝜋(x)P(x,y)| f (x)− f (y)|2

Reorganizing the sum, deduce

Var𝜋( f )⩽M E( f ), M= max
e=(a,b)((((((((((((((((((( �

x,y:Γx→y∋(a,b)

𝜋(x)𝜋(y)
Q(e) |Γx→y|))))))))))))))))))), Q(e)=𝜋(a)P(a,b).

(M:”congestion ratio”) and

𝛾= 1
Trel

=inf
f

E( f )
Var𝜋( f )

⩾ 1
M .



Applications of canonical paths 27/44

• SRW on {1, . . . ,N}d

• Trel≲N for two glued copies of KN

• Trel⩽ eO(Ld−1) for Ising on {1, . . . ,L}d

• Trel≲𝜆 |V| |E| for matchings of (V,E). 𝜆=monomer “fugacity”

(see Jerrum's book, Sec. 5.3)



Generalization of canonical paths: flows 28/44

Given x≠y∈Ω, replace single path Γx→y with a “multicommodity flow” f (Sinclair '92)

Px→y: directed simple paths from x to y. P=∪x≠yPx→y

• flow f is map f :P↦ℝ+, with
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• flow f is map f :P↦ℝ+, with

�
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f̄ (e)
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Generalization of canonical paths: flows 28/44

Given x≠y∈Ω, replace single path Γx→y with a “multicommodity flow” f (Sinclair '92)

Px→y: directed simple paths from x to y. P=∪x≠yPx→y

• flow f is map f :P↦ℝ+, with

�
p∈Px→y

f (p)=𝜋(x)𝜋(y)

• define for e=(a,b)with positive conductance Q(e)=𝜋(a)P(a,b)

f̄ (e)=�
p∋e

f (p)|p|, M( f )=max
e

f̄ (e)
Q(e)

• With same proof as above: 𝛾= 1
Trel
=inff

E( f)
Var𝜋( f)

⩾ 1
M( f)
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Generalization of canonical paths: flows 29/44

Idea:

• for every x≠y, want to transport quantity 𝜋(x)𝜋(y) from x to y.

• rather than deterministic path Γx→y, random path with weight

w(p)= f (p)
𝜋(x)𝜋(y)1p∈Px→y.

• diversification decreases congestion rate.

•

Exercise 11. For RW on complete bipartite graph K2,N−2, prove Trel≲N with canonical paths and
Trel≲1with multicommodity flows.



Geometric methods for Trel bounds: “Bottleneck ratio” 30/44

Up to now: upper bounds on Tmix,Trel. A useful lower bound tool: bottleneck ratio
Given S⊂Ω,

𝛾⩽ E(1S)
Var𝜋(1S)

= 12
∑x,y 𝜋(x)P(x,y)(1S(x)−1S(y))2

𝜋(S)−𝜋(S)2 =
∑x∈S,y∉S 𝜋(x)P(x,y)
𝜋(S)(1−𝜋(S))

Bottleneck ratio (“isoperimetric constant”)

Φ≔ inf
S⊂Ω:𝜋(S)⩽1/2

∑x∈S,y∉S 𝜋(x)P(x,y)
𝜋(S) ⇒ 𝛾⩽2Φ, Trel⩾

1
2Φ.

Exercise 12. Trel≳N for RW on two copies of KN with one vertex in common

Exercise 13. Trel≳ eΩ(N) for size-N Curie-Weiss Glauber dynamics, 𝛽>𝛽c.



Monotone dynamics and global coupling 31/44

Let ⪯ be a partial order on Ω. Assume ∃maximal/minimal configuration 𝜔+/𝜔−.

Example: Ω={−1,+1}V, 𝜎 ⪯𝜂 iff 𝜎x⩽𝜂x for every x∈V. 𝜔±≡±1.

Example: Ω={perfectmatchings ofG}, G planar, bipartite graph.

𝜎⪯𝜂 iff h𝜎( f )⩽h𝜂( f ) for every face f .

Definition We say that a MC on (Ω,⪯) is monotone (or “attractive”)if ∀x,y∈Ω with x⪯y
the processes X,Ystarted from x,y can be coupled so that Xn⪯Yn almost surely for all n⩾0.

Most useful when coupling is Markovian and global.



Monotone dynamics and global coupling 32/44

Let 𝜏+/−=inf {n⩾0:X+(n)=X−(n)} with X+/− the process started from maximal/min-
imal configuration 𝜔±. Then:

Proposition If ℙ(𝜏+/−>N)<𝜀 then Tmix(𝜀)⩽N.

Proof. Proof: Let Xx be the process started from x and X𝜋 the stationary process.

Write

‖Px
N−𝜋‖⩽ℙ(Xx(N)≠X𝜋(N)) (third definition of ‖⋅‖)

⩽ℙ(X+(N)≠X−(N)) (by thewell known sandwich principle)
=ℙ(𝜏+/−>N) (by definition of coalescence time)

<𝜀 (by assumption)

so we deduce Tmix(𝜀)⩽N. □



Monotone dynamics: lazy random walk 33/44

LetΩ={1, . . . ,N}, usual order. 𝜔+=N,𝜔−=1.

P(x,x±1)= 1
4 if x±1∈Ω. P(x,x)=

1
2 if 1<x<N, P(x,x)= 3

4 if x∈{1,N}.

Couple (Xx)x∈Ω as follows:

• at step n sample a uniform r.v. Un∼Unif(0,1)
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1
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Monotone dynamics: lazy random walk 33/44

LetΩ={1, . . . ,N}, usual order. 𝜔+=N,𝜔−=1.

P(x,x±1)= 1
4 if x±1∈Ω. P(x,x)=

1
2 if 1<x<N, P(x,x)= 3

4 if x∈{1,N}.

Couple (Xx)x∈Ω as follows:

• at step n sample a uniform r.v. Un∼Unif(0,1)

• If Un⩽1/2, let Xx(n)=Xx(n−1) for all x.

• If 1/2<Un⩽3/4, let Xx(n)=max (Xx(n−1)−1,1)

• If Un>3/4, let Xx(n)=min (Xx(n−1)+1,N)

NB: Once Xx=Xy, they coincide forever. The coupling is global, montone, Marko-
vian.
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Global Markovian coupling for ferromagnetic (𝛽>0) Ising

• goal: find coupled processes (X𝜎(n))n⩾0,𝜎∈{−1,+1}V that satisfy monotonicity
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• goal: find coupled processes (X𝜎(n))n⩾0,𝜎∈{−1,+1}V that satisfy monotonicity

• at step n, choose vertex xn∈V uniformly at random (the same for all processes)

• sample a uniform variable Un∼Unif((0,1)) (the same for all processes)
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Monotone dynamics: ferromagnetic Ising 34/44

Global Markovian coupling for ferromagnetic (𝛽>0) Ising

• goal: find coupled processes (X𝜎(n))n⩾0,𝜎∈{−1,+1}V that satisfy monotonicity

• at step n, choose vertex xn∈V uniformly at random (the same for all processes)

• sample a uniform variable Un∼Unif((0,1)) (the same for all processes)

• Set Xxn
𝜎 (n)→1 if Un<pxn𝜎 (n−1) and Xxn

𝜎 (n)→−1 if Un⩾pxn𝜎 (n−1)where

px𝜎(n−1)=
e𝛽∑y∼xXy

𝜎(n−1)

2cosh�𝛽∑y∼xXy
𝜎(n−1)� ∈(0,1)

• Note: u↦ e𝛽u

2cosh(𝛽u) is increasing if 𝛽⩾0, hence coupling is monotone.
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Other classical monotone dynamics:

∘ hardcore model on bipartite graph G. 𝜔⪯𝜂 iff 𝜔x⩽𝜂x for x even and 𝜔x⩾𝜂x for
x odd. 𝜔±: all even/odd vertices occupied

∘ heat-bath dynamics on perfect matchings of planar, bipartite G.

∘ heat-bath dynamics for height models

𝜋(h)∝ e−∑x∼yV(hx−hy), h:V↦ℝ,V⊂ℤd, h∂V≡0

with V symmetric and convex



Naive (wrong) idea 36/44

Let X be a MC on (Ω,⪯) that admits a global monotone Markovian coupling.

Algorithmic description of process:

• randomness is iid sequence (𝜉n)n⩾1 (e.g. for Ising: 𝜉n=(xn,Un), xn∼Unif(V),Un∼
Unif(0,1))

• state of chain X(n) at time n is deterministic function of 𝜉n and of X(n− 1). Write
X(n)=F𝜉n(X(n−1)).

• Iterating, X(n)=F𝜉n∘F𝜉n−1∘ . . . ∘F𝜉1(X(0))

Appealing idea: stop algorithm at 𝜏+/− (coupling time of maximal/minimal configura-
tions) and output Z=X(𝜏+/−)=Xx(𝜏+/−) for all initial conditions x

Problem: ℙ(Z=𝜎)=𝜋(𝜎) (e.g.: lazy RW)



Better idea: coupling from the past (Propp-Wilson) 37/44

• View time as running from −∞ to 0: 𝜉 =( . . . , 𝜉−2, 𝜉−1, 𝜉0).
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Better idea: coupling from the past (Propp-Wilson) 37/44

• View time as running from −∞ to 0: 𝜉 =( . . . , 𝜉−2, 𝜉−1, 𝜉0).

• Find

nmin≔inf{n:F𝜉0∘F𝜉−1∘ . . . ∘F𝜉−n(𝜔+)=F𝜉0∘F𝜉−1∘ . . . ∘F𝜉−n(𝜔−)}

(in most interesting cases, nmin<infty a.s.)

• Output Z≔F𝜉0∘F𝜉−1∘ . . . ∘F𝜉−nmin
(𝜔±)∈Ω

• Claim: Z∼𝜋 (no bias!)

• Proof: with a picture

• Algorithmically better to replace −n by −2n.

• NB: “termination bias”, because Z and nmin not independent. See J. Fill '98 for unbi-
ased interruptible perfect simulation algorithm



Fast mixing of lozenge tiling dynamics 38/44

1

lunedì 13 ottobre 2014

L non-intersecting paths 𝜑≔(𝜑i), i=1, . . . ,L, 𝜑 i(x)−𝜑i(x−1)=±1,𝜑i(0)=𝜑i(L)= i

Partial order: 𝜑⪯𝜓⇔𝜑i(x)⩽𝜓 i(x) for all i,x

Note: concides with the partial order induced by height function
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Fast mixing of lozenge tiling dynamics 39/44

“Tower-move” sampling algorithm:

• Choose 0<x<L uniformly at random

• resample 𝜑 i(x), i=1, . . . ,L uniformly conditionally on 𝜑i(x±1), i=1, . . . ,L.

x x

• Easy to check: (1) uniform measure 𝜋 is reversible (2) global monotone coupling

• Single step easy to simulate
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Define function 𝜑↦Φ(𝜑)∈ℝ as Φ(𝜑)=�
i=1

L

�
x=0

L

𝜑 i(x)sin�𝜋xL �

Note:

• if 𝜑⪯𝜓 then Φ(𝜑)⩽Φ(𝜓), and Φ(𝜓)−Φ(𝜑)⩾ 1
L if 𝜑=𝜓.
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L2 if n≈L3 log(L)
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Define function 𝜑↦Φ(𝜑)∈ℝ as Φ(𝜑)=�
i=1

L

�
x=0

L

𝜑 i(x)sin�𝜋xL �

Note:

• if 𝜑⪯𝜓 then Φ(𝜑)⩽Φ(𝜓), and Φ(𝜓)−Φ(𝜑)⩾ 1
L if 𝜑=𝜓.

• Deduce ℙ(𝜑+(n)≠𝜑−(n))⩽L×𝔼(Φ(𝜑+(n))−Φ(𝜑−(n)))

• Will prove (next slide):

𝔼(Φ(𝜑+(n))−Φ(𝜑−(n)))⩽ 1
L2 if n≈L3 log(L)

• Conclude: Tmix≲L3log(L).
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• Crucial observation: if at step nwe choose site x,∑i=0
L 𝜑i(x) changes on average by

1
2�
i=1

L−1

(Δ𝜑 i)(x), Δ=discrete Laplacian.
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• Crucial observation: if at step nwe choose site x,∑i=0
L 𝜑i(x) changes on average by

1
2�
i=1

L−1

(Δ𝜑 i)(x), Δ=discrete Laplacian.

• Therefore,Φ(𝜑) changes on average by

1
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𝜑i(x)Δ�sin�𝜋xL ��

• Note: Δ�sin�𝜋xL ��=−𝜆Lsin�
𝜋x
L �, 𝜆L≈

𝜋2

L2

• wrapping up: 𝔼(Φ(𝜑(n)))−𝔼(Φ(𝜑(n−1)))=− 𝜆L
2L𝔼(Φ(𝜑(n−1)))
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Conclusion:

• Iterating,

𝔼(Φ(𝜑+(n))−Φ(𝜑−(n))) = �1− 𝜆L2L�
n
𝔼(Φ(𝜑+(0))−Φ(𝜑−(0)))

≈ e−n𝜆L/(2L)𝔼(Φ(𝜑+(0))−Φ(𝜑−(0)))

≈ e−n 𝜋
2

2L3𝔼(Φ(𝜑+(0))−Φ(𝜑−(0)))

≈ L3e−n 𝜋
2

2L3

⩽ 1
L2 if n≳L3log(L).

• Argument (almost immediately) implies also 𝛾= 𝜆L
L exactly!
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Exercise 14. Prove the following: any random walk on a (finite) tree T is a reversible Markov chain. Find
the stationary measure in terms of the transition matrix P.

Exercise 15. Prove that Var𝜋(Pnf )⩽Var𝜋( f )(1−𝛾)2n and that 𝛾 is the largest constant such that this holds
for every function f .

Exercise 16. Let q∈ℕ,G=(V,E) a graph of maximal degree Δ.Define a reversible MC on the set of perfect
q-colorings of G such that it is irreducible for q large (for instance, q>2Δ).

Exercise 17. Prove that the elementary-rotation dynamics on a finite, planar, bipartite graph G is irre-
ducible.

Exercise 18. Let X be a RW onℕ2 with transition probabilities P((x,y), (x+1,y))=P((x,y+1), (x,y))=p,

P((x,y), (x−1,y))=P((x,y−1), (x,y))=(1−p)/2 assuming that the endpoint is inℕ2, otherwise X stays
put. Compute the stationary measure 𝜋.
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Exercise 19. Prove that the elementary-rotation dynamics on a finite, planar, bipartite graph G is irre-
ducible.

Exercise 20. Deduce that there exists a configuration with maximal height

Exercise 21. Prove Trel≍N, Trel=O(1) for biased RW on {1, . . . ,N} (jump probabilities p≠ q) using path
coupling with exponential metric

Exercise 22. Prove that the Ising Glauber dynamic on G=(V,E) has Tmix≲|V|log(|V|) and 𝛾≳|V |−1 for 𝛽
sufficiently small (depending on the maximal degree of G)

Exercise 23. Prove that the symmetric corner-flip dynamic admits a global monotone coupling

Exercise 24. Prove that the dimer dynamic on a planar, bipartite finite graph admits a global Markovian
monotone coupling.


